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We investigate dynamical self-arrest in a diblock copolymer melt using a replica approach within a self-
consistent local method based on dynamical mean-field theory �DMFT�. The local replica approach effectively
predicts ��N�A for dynamical self-arrest in a block copolymer melt for symmetric and asymmetric cases. We
discuss the competition of the cubic and quartic interactions in the Landau free energy for a block copolymer
melt in stabilizing a glassy state depending on the chain length. Our local replica theory provides a universal
value for the dynamical self-arrest in block copolymer melts with ��N�A�10.5+64N−3/10 for the symmetric
case.
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I. INTRODUCTION

A diblock copolymer melt is a polymer in which two seg-
ments of simple monomers are joined together by covalent
bonds. Despite its simple structure, it has attracted many
researchers for the last decades presumably because it shows
various morphological changes such as the lamellar phase,
bcc phase, and fcc phase in the process of the disorder-order
transition. The equilibrium properties of a diblock copolymer
melt have been well studied in the framework of mean-field
theory. Leibler, for example, obtained a universal value
��N�MST�10.5 for microphase separation transition �MST�
for a diblock copolymer melt in the weak segregation limit
�1�. � is the Flory-Huggins interaction parameter and N is the
degree of polymerization. The mean-field solution predicts
that the order-disorder transition of a lamellar phase for the
composition f =0.5 is second order. However, when the tem-
perature approaches the temperature of the order-disorder
transition region, the composition fluctuation plays an impor-
tant role. The Fredrickson-Helfand theory with the fluctua-
tion effect incorporated demonstrates that the order-disorder
transition of the lamellar phase for the composition f =0.5 is
first order. This is quite consistent with the experimental re-

sult: ��N�MST�10.5+41N̄−1/3 �2�. The origin of the correc-
tion term to ��N�MST arises from a fluctuation-induced first-
order transition. Interestingly, the fluctuation-induced first-
order transition is known to be a characteristic of the
“Brazovskii universality class” �3,4�. Leibler and co-workers
�1,5� have demonstrated that the Hamiltonian for the block
copolymer melt reduces to the Hamiltonian for the “Bra-
zovskii universality class.”

The competition between short-range and long-range in-
teractions induces a frustration, which generates an exponen-
tially large number of metastable states in a self-generated
glass system �6�. In the case of the diblock copolymer melt,
there also exists a competition between short-range and long-
range interaction. The short-range interaction comes from the
excluded volume due to nearest-neighbor monomers. On the
other hand, the long-range interaction originates from the
connectivity between two different chains, which does not
allow macroscopic phase separation �5,7�. This implies the
possibility of a kinetic trap of the diblock copolymer melt

due to the numerous local minima states at a specific condi-
tion, leading to dynamical self-arrest of the diblock copoly-
mer melt. Although it was not developed for the particular
case of the diblock copolymer melt, the frozen nonergodic
state �kinetic trap in the local minima� of the “Brazovskii
universality class” has been implemented for symmetric �in
the absence of the cubic interaction in the Brazovskii-type
Hamiltonian� �8� and asymmetric �in the presence of the cu-
bic interaction in the Brazovskii-type Hamiltonian� cases �9�.

A frozen nonergodic state for a diblock copolymer has
been verified from a temperature quenching experiment for
the disordered state in the nearly symmetric system of
poly�ethylene-propylene�-poly�ethyl-ethylene� �PEP-PEE�
�f =0.55� �4�. The quenched state shows a macroscopically
isotropic pattern for small angle neutron scattering �SANS�
data and also shows a large elastic modulus G at low fre-
quencies and slow relaxation. This nonequilibrium state
demonstrates a frozen-ergodic state, for which molecular re-
arrangement is suppressed similar to a “pattern glass” �4�.
For the case of dynamical self-arrest in a block copolymer
melt, the function ��N�A �10� was studied using perturbation
theory within the framework of the self-consistent screening
approximation �SCSA� method �8,11,12�. Since the perturba-
tive expansion is performed in terms of the inverse of the

scaled degree of polymerization, N̄ �12�, the perturbative de-
scription for dynamical self-arrest becomes reliable for
longer, symmetric chains. For an effective description of dy-
namical self-arrest in a diblock copolymer melt with short
and asymmetric chains, however, a new approach beyond
conventional perturbation theory is required. The objective
of this paper, then, is to apply the local replica approach
based on DMFT �13� to the case of dynamical self-arrest of a
block copolymer melt beyond the perturbative regime, and to
develop a reason after prediction of the critical value, ��N�A.

II. THEORY

A. Theory of block copolymer

We start from the effective Hamiltonian for a block co-
polymer melt �S diblock copolymer chains, each consisting
of N segments� �2�.
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where �q corresponds to the Fourier transform of the
density-fluctuation field, ��r�. We set kBT to 1. �q denotes
� d3q

�2��3 and the integration is performed over momentum
space. Since we make the assumption that the system is in-
compressible, the total density of the system does not vary in
space,

�A�r� + �B�r� = �0 =
NS

V
. �2�

We set the persistence lengths of the A polymer, b, and the B
polymer, b�, to b�=b=1 in our study. According to a Flory-
Huggins lattice theory, �0 is set to unity ��0�b−3� �2�. The
density fluctuation of the A block and B block, �A�r� and
�B�r�, are defined in terms of the density fields of the A and
B blocks, �A and �B.

�A�r� = �A�r� − f = ��r� ,

�B�r� = �B�r� − �1 − f� = − ��r� . �3�

Thus ��r��0 corresponds to an excess of A monomers
whereas ��r��0 refers to an excess of B monomers. The
higher vertex terms �3 and �4 denote �3�q1 ,q2 ,q3� and
�4�q1 ,q2 ,q3 ,q4�. The third order vertex function
�3�q1 ,q2 ,q3� vanishes unless q1+q2+q3=0. The nonvanish-
ing �3�q1 ,q2 ,q3� is denoted as �3. As the fourth order vertex
function �4�q1 ,q2 ,q3 ,q4�, �4�0,0� is used for the lamellar
phase. They can be obtained directly from Leibler’s random-
phase approximation �RPA� method �1�. The correlation
function of the block copolymer melt can be expanded
around the peak position of the scattering function. Then,

Gq =
N

F� − 2�N + F���qR0 − x��2 ,

where F�=F�x� , f� and F��= 1
2

�2F�x,f�
�x2 �x=x�. q0R0=x� and the

composition value, f , is NA /N. The strong peak of Gq occurs
at the dominant wave vector �q�=q0. F is defined as �Sk

BB

+Sk
AA+2Sk

AB� / �Sk
AASk

BB− �Sk
AB�2�. Sk

AA, Sk
BB and Sk

AB are correla-
tion functions for the AA chain, BB chain, and AB chain,
respectively. R0 is the gyration length of the block copolymer
melt. For example, for f =0.5, it holds x�	1.95 with

F�x� , 1
2 �	20.99 and 1

2

�2F�x,1 / 2�
�x2 �x=x� 	7.29. The bare correla-

tion function of the block copolymer melt can be trans-
formed into a Brazovskii-type correlation function,

Gq =
Z

�0
2q0

2 + �q − q0�2 . �4�

The bare mass �0
2= F�−2�N

F��x�2 and normalization factor Z= N
F��R0

2

= 6
F��b2 . The bare mass �0

2 controls the strength of phase seg-
regation. The segment volume, 	, is therefore set to unity

�	�b3�. Thus, in our theory, N is replaced by N̄=Nb6	−2.

Introducing a new field variable, 
�r�=Z−1/2��r�, the
rescaled effective Hamiltonian for a block copolymer melt
can be written as

Hrescaled =
1
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4
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The rescaled bare correlation function Gq
−1 is defined as

Gq =
1

�0
2q0

2 + �q − q0�2 , �6�

with rescaled vertex coefficients, u= �1 /6��6 /F���2�4�0,0�
and �= �1 /2��6 /F���3/2�3.

B. Replica approach

If the system becomes trapped in local metastable states
for a very long time, it cannot explore the entire phase space.
The breakdown of equilibrium, or so-called ergodicity break-
ing, occurs. One of the theoretical approaches that cope with
this breakdown of equilibrium is replica theory. A simple
procedure is used to calculate the self-averaging free energy
for the system with random quenched disorder �14�. It intro-
duces replicas �copies� of the system for averaging over the
randomness of the logarithm of the partition function. The
physical free energy is recovered in the limit of zero replicas
�m→0� �15�. However, for the self-generated glass system
without quenched disorder, the free energy is recovered by
the analytic continuation of m→1 �16�. The long time cor-
relation function is interpreted as the interaction between two
different replicas with small attraction �17�. Following the
scenario of self-generated glassiness �8,9,17� and the ansatz
of one-step replica symmetry breaking �RSB� in m�m rep-
lica space �18�, we construct the correlation function in rep-
lica space by a matrix with a diagonal part and an off diag-
onal part,

G��q� = K�q��� + F�q� ,

���q� = �K�q��� + �F�q� , �7�

where  and � are replica indexes that build the m�m rep-
lica matrix. �K�q� and �F�q� are self-energies corresponding
to K�q� and F�q�, respectively. K�q� is a response function
and F�q� is an off-diagonal correlation function in replica
space. Inverting the Dyson equation leads to

K�q� =
1

�q − q0�2 + �2q0
2 ,

mF�q� =
1

�q − q0�2 + �2q0
2 −

1

�q − q0�2 + �2q0
2 , �8�

with �2q0
2=�0

2q0
2−�K�q� and �2q0

2=�0
2q0

2−�K�q�−m�F�q�.
The m�m replica matrix of G� according to the one-step
replica symmetry breaking ansatz is written as
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G��q�

=

� ] ] ]

¯ K�q� + F�q� F�q� F�q� ¯

¯ F�q� K�q� + F�q� F�q� ¯

¯ F�q� F�q� K�q� + F�q� ¯

] ] ] �

� .

�9�

The diagonal elements K�q�+F�q� in replica space corre-
spond to the equilibrium, liquid state correlation function. It
is determined only by �, which is dependent only on the
liquid state correlation length of 1

�q0
. In a similar way, the

response function K�q� is determined by the correlation
length 1

�q0
. The off-diagonal part, F�q�, corresponds to the

correlation function in nonequilibrium state and character-
izes long time correlations, limt→� limt�→���q�t��−q�t+ t��.
The combination of two dimensionless order parameters, �

and �, defines the Lindemann length �8� as �−1=
��2−�2

2 q0. If
the system is in the equilibrium state, when the replica index
m goes to 1, the off-diagonal part, F�q�, goes to 0 ��=��.
However, if the system is in the nonequilibrium state, F�q� is
nonzero even if the replica index m goes to 1 �����. In the
liquid state, the Lindemann length diverges ��→��. On the
other hand, in a glassy state �����, the system is frozen
with finite Lindemann length.

C. Local replica approach within the DMFT

The emergence of glassiness in a glass-forming material
is due to strong local interaction �8�. We construct a replica
theory within the framework of DMFT, which enables us to
deal with the glassy behavior due to a strong local interac-
tion. Following the DMFT scheme �13�, we first construct
the correlation function in replica space for the effective de-
scription of the dynamical self-arrest in the original problem
with the assumption that the self-energy is momentum inde-
pendent. In strongly correlated systems, the assumption of a
momentum independent self-energy dramatically simplifies
the dynamics, describing states far from the perturbative re-
gime �13,19�. We then set up an auxiliary local problem cor-
responding to the original problem by mapping the original
one onto the local one. In this case, we have the same mo-
mentum independent self-energy in both the original and the

auxiliary local problems. The two functionals ��Ḡ� and
��G� �20�, which are the sum of skeleton diagrams of the
free energy in the original and the local problems, become

identical in the local theory �13�. Ḡ and G are the correlation
functions in the original and local problems. The functional

derivative of the functional ��Ḡ� with respect to Ḡ gives a
self-energy. Thus, the same functionals and the same corre-
lation functions ensure the same self-energy in the original
and local problems. Such an identity for two functionals
guarantees us the equivalence of solving the original and the

local problems if we set Ḡ=G �13�. If the self-energy, �, is
momentum independent, the renormalized correlation func-
tion has the form

G�q� =
1

�q − q0�2 + �2q0
2 , �10�

with �2=�0
2−q0

−2��0. A momentum-averaged correlation
function gives us

Ḡ =� d3q

�2��3G�q� =
q0

2��
. �11�

Averaging the response function and off-diagonal correlation
function over momenta gives

K̄ =� d3q

�2��3K�q� =
q0

2��
,

F̄ =� d3q

�2��3F�q� =
q0

2�m
�1

�
−

1

�
� . �12�

Then, we obtain the momentum averaged correlation func-
tion in replica space,

Ḡ� = K̄�� + F̄ . �13�

Next, we map our original problem into a local one, which
depends only on the microscopic-length scale 1 /q0. The aux-
iliary local Hamiltonian is given as

H =
1

2�
�

J���� + �


� �q0
−3

3
�

3 +
uq0

−3

4
�

4 + h�� .

�14�

The correlation function in the local problem is given as

G� = �J� − q0
−1���−1. �15�

The correlation function, G�, does not depend on momen-
tum or position. The Weiss field, a single-site effective field
�13� in replica space, is given as

J� = J�� − C . �16�

From Eqs. �13� and �15�, the Weiss field is expressed in
terms of � and �,

J =
2�� + �0

2 − �2

q0
,

C =
2��� − �� + �2 − �2

mq0
. �17�

The external field, h, guarantees ��=0 for the liquid state.
In the case of the liquid state, the replica index is not re-
quired. By solving the self-consistent nonlinear algebraic
equations for �, Eq. �18�, we can obtain a solution for the
liquid state,

q0

2��
=

�
−�

�

d��2e−H

Z ,
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0 =

�
−�

�

d��e−H

Z , �18�

where H= 1
2J�2+ �

�q0
−3

3 �3+
uq0

−3

4 �4+h�� and Z=e−H �9�. In

the liquid state, since �→�, J reduces to
2��+�0

2−�2

q0
. The off-

diagonal Weiss field, C, goes to 0. For fixed q0, �, u, and �0
2,

we obtain � and h from a liquid solution. Finally, we can

determine K̄ and F̄ for a given J and C such that G�= Ḡ� is
satisfied. By a simple algebra �9�, we find a self-consistent

equation for F̄ in the local problem �in terms of the Weiss
field� and the original problem �averaged over momentum�,

F̄ = −
1

Z�1�� d�

�2�C
e−�2 � 2C����log ����

��C−1���� + ��2��

=
q0

2�
�1

�
−

1

�
� , �19�

where Z�m� is the partition function. The partition function,

Z�m�=�dm�e−�=1
m H���+�1 / 2�C����2

, can be transformed into
Z�m�=� d�

�2�Ce−�2 / 2C����m by a Hubbard-Stratonovich trans-
formation leading to the elimination of the coupling between
different replicas. Z�1� is the partition function at m=1. The
terms ��� and ��2� are defined as

��� =
� d�e−�1/2J�a

2+��q0
−3/3��a

3+�uq0
−3/4��a

4+�h+���a��

����
,

��2� =
� d�e−�1/2J�a

2+��q0
−3/3��a

3+�uq0
−3/4��a

4+�h+���a��2

����
,

�20�

for m→1 in Eq. �19�. In Sec. IV, we investigate the non-

trivial solution of F̄ for fixed q0, �, u, f , and N. It provides us
a solution for the long time correlation indicating the dy-
namical self-arrest of the diblock copolymer.

III. RESULT

The coefficients of the cubic and the quartic terms, �3 and
�4, for diblock copolymer melts are listed in Table I. The
coefficients for the rescaled higher vertex terms for different
composition value f are listed in Table I.

By solving the self-consistent equation, Eq. �19�, we can
determine a critical bare mass ��0

2�A for dynamical self-arrest
which indicates that the glassiness has set in.

For instance, Fig. 1 shows the nontrivial solutions for f
=0.5, N=105, and u /q0=1.177�10−2 with different ��0

2�. We
find there is only one solution for a critical glassiness, no
solution for a liquid phase, and two nontrivial solutions for
the glass phase. The critical nontrivial solution for dynamical
self-arrest is found at ��0

2�=−0.142. Then, ��N�A can be ob-

tained from the relation of ��0
2�A=

F�−2��N�A

F��x�2 for the onset of
dynamical self-arrest of diblock copolymer melts �i.e.,
��N�A=12.45�. Also, we find �A=0.132 from the solution of
Eq. �18� and �=0.361 from Fig. 1 �� /��2.6�. In this man-
ner, we can find all the nontrivial solutions for dynamical
self-arrest of diblock copolymer melts for different chain
length. Figure 2 shows ��N�A vs degree of polymerization
number N for the lamellar phase. ��N�A is obtained from the
critical nontrivial solution for dynamical self-arrest of the
lamellar phase. The line corresponds to a fit of the nontrivial
critical solution. It provides a universal value ���N�A�10.5
+64N−3/10� for a symmetric chain over a wide range of chain
length �102–−107�. The transition to dynamical self-arrest is
compared to the Brazovskii-Helfand-Fredrikson transition.
Figure 3 shows a dynamical self-arrest of diblock copolymer
melts depending on chain length for different composition

TABLE I. The coefficients for the rescaled higher vertex terms
for different composition value f .

f x� N�4�0,0� a Nu N�3
b N�

0.1 2.36 28035.0 410.89 −1297.03 −929.4

0.2 2.11 2098.99 98.94 −182.31 −92.77

0.3 2.01 499.18 43.22 −55.32 −23.43

0.4 1.96 212.22 25.91 −18.81 −6.60

0.5 1.95 156.56 21.57 0 0

aReference �1�.
bReference �2�.
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FIG. 1. �Color online� The solution for the self-consistent equa-
tion, Eq. �19�, for different ��0

2� in the case f =0.5 and N=105. �F
is defined as − 1

Z�1��
d�
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FIG. 2. �Color online� A universal value for the dynamical self-
arrest ��N�A�10.5+64N−3/10 of a symmetric diblock copolymer.
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value f . ���N� is defined as ���N�= ��N�A− ��N�S, a mea-
sure of ��N�A with respect to spinodal decomposition �12�.

Our local replica calculation shows ��N�A tends to con-
verge to ��N�S, when the degree of polymerization N goes to
�. For a block copolymer melt with large chain length
��107� and f =0.5, ��N�A=0.54, as compared to �0.28 in
perturbation theory �12�. We expect these two ��N�A values
from the different approaches would merge to one as the
chain length increases ��107�.

Moreover, these two approaches show the same power
law for chain length dependence �N−3/10 for the symmetric
chain �12��. As we expect, our result is compatible with the
perturbation result for large and symmetric chains. However,
it shows quite different features from the perturbative result
for an asymmetric block copolymer melt, in which ���N�
takes on a negative value for the asymmetric chain �f =0.3�
at chain length of 105 �12�. However, ���N� based on a local
replica approach exhibits a non-negative value for the entire
composition value f�0.2–−0.5� and chain length N�102–
−107�.

Strikingly, we found that there exists a crossover region in
which ��N�A for a symmetric chain becomes larger than the
��N�A for an asymmetric chain depending on chain length.
��N�A for an asymmetric chain is larger than ��N�A for a
symmetric chain at the chain length of 104 �shown in the
uppermost curve in Fig. 4�. As chain length increases and
reaches a certain value, N�, however, ��N�A for f =0.5 be-
comes even larger than ��N�A for the asymmetric case.

Figure 5 clarifies the crossover region. ��N�A for f =0.5
is larger than the ��N�A for f =0.4 at the chain length of

�5.1�104 and f =0.3 at �5.1�105. The cubic term that
originates from asymmetry �f �0.5� contributes greatly to
the stabilization of the glassy phase in the diblock copolymer
melt as it does in the Brazovskii class �9�. However, asym-
metry of the block copolymer melt also increases the mag-
nitude of the quartic term simultaneously, as shown in Table
I, which provides an additional entropy with the diblock co-
polymer melt. Presumably, this entropy drives the diblock
copolymer melt to escape from a local minimum. Thus, ad-
ditional entropy works against the stability of the glassy state
and so the system recovers to the liquid state. Interestingly,
the competition between the cubic �stabilizing the glassy
state�, � /q0

3/2, and quartic �destabilizing the glassy state�
term, u /q0, determines the overall stabilization of the diblock
copolymer melt. Additionally, since the rescaled cubic and
the quartic terms have chain length dependency, the stability
of the glassy state in the diblock copolymer exhibits a sen-
sitive chain length dependence as seen in the crossover re-
gion.

IV. CONCLUSION

We have investigated the dynamical self-arrest of a block
copolymer melt using a replica approach based on local
theory. According to our previous result, the perturbation
theory breaks down for extremely small coupling constants
u /q0 and � /q0 ��10−4� �9�. Converting this to polymer lan-
guage, the perturbation is effective only for N�109 for f
=0.5 �u=21.57 /N and q0= �6 /N�1/2x��. The local replica
theory is quite effective in predicting dynamical self-arrest of
the block copolymer melts, especially for asymmetric and
relatively short chains beyond the perturbation limit. For a
more accurate agreement of theory with experimental data,
we will need to accommodate the stiffness effect for polymer
chains in the diblock copolymer case �b� /b�1�. The mag-
nitude of the two higher vertex terms will presumably be
changed for different chain stiffness, which could play an
important role in determining the stabilization of the glassy
phase for diblock copolymer melts.
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